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Abstract. We demonstrate that the three dimensional incompressible magneto- 
hydrodynamics (MHD) system is ill-posed in the largest scaling invariant space 
Soo^oo • The construction method of initial data used in this paper is different 
from the one in [7J. Specifically, we construct initial data which has finite 
energy and is small enough in H 3 n B^ i00 , with s < ^, such that any Leray- 
Hopf type of weak solution to the MHD system starting from this initial data 
is discontinuous at time t = in the metric of -B^oo- In particular, we start 
with the same data for the velocity and magnetic field uq = bg and obtain the 
ill-poscdness for the coupled system. While in [7], the case no = ^>0 was n °t 
observed to develop "norm inflation" which is a severe type of ill-posedncss. 
Thus the work in this paper can be considered as a complementary study of 
the work [7J and a further investigation regarding the ill-posedness property 
for the MHD system. 

The motivation of the method in this paper comes from Cheskidov and Shyvd- 
koy's work [6] for the Euler equation and the Navier-Stokes equation. 

KEY WORDS: magneto-hydrodynamic system; ill-posedness; -Boo 
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1. Introduction 

In this paper we consider the three dimensional incompressible magneto-hydro 
-dynamics (MHD) system: 

(1.1) u t — fiAu + u ■ V« — b ■ V& + Vp = 0, 

b t - vAb + u-Vb-b-Vu = 0, 
V-u = 0, V • b = 0, 

with the initial conditions 

(1.2) u(x, 0) = uo(x), b(x, 0) = b (x), 
V • it = 0, V • 6 = 

where x E T 3 , t > 0, u is the fluid velocity, p is the pressure of fluid, and b is the 
magnetic field. The parameter \x denotes the kinematic viscosity coefficient of the 
fluid and v denotes the reciprocal of the magnetic Reynolds number. Since the two 
coefficients do not play an important rule in this paper, we let /i = v — 1. When 
the magnetic field b{x, t) vanishes, the incompressible MHD system reduces to the 
incompressible Navier-Stokes equation. The solutions to the MHD system share 
the same scaling property of the solutions to the Navier-Stokes equation, that is, 

u\(x, t) — \u(\x, A 2 i), b\(x, t) = Xb(\x, A 2 t), p\(x, t) — X 2 p(\x, X 2 t) 

l 
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solve the MHD system (jl.ljl with the initial data 

if u(x,t) and b(x,t) solve the MHD system fll.ll> with the initial data uo(x) and 
bo{x). The space that is invariant under the above scaling is called critical space. 
Examples of critical spaces for the MHD system in three dimension are 

#i ^ L 3 ^ B^t* ^ BMO^ 1 ^ 5"* 

p\p<oo,oo 00,00 

(see H], for example, for the discussions of the embeddings). 

The study of Navier-Stokes equations as well as of MHD system in critical spaces 
has been one of the focus of the research activities since the initial work of Kato 
[TU] , In this paper we study the ill-posedness behavior of solutions to the MHD 
system (jl.ll) in the largest critical space B^ 1 ^. 

We recall the standard definition of well/ill-posedness here. A Cauchy problem 
is said to be locally well-posed in a Banach space X if : (i) for every initial data 
v (x) € X there exists a time T = T(vq) > such that a solution to the initial 
value problem exists in the time interval [0, T] ; (ii) the solution is unique in a certain 
Banach space Y C C([Q,T]; X); (hi) and the solution map 

M :X— >C([0,T];X), v .— > M(v ) 

is continuous. If the time T can be arbitrarily large the Cauchy problem is said 
to be globally well-posed. The Cauchy problem is said to be ill-posed if it is not 
well-posed. Based on this definition, it can be seen that a Cauchy problem may 
be ill-posed due to different reasons, ranging from the failure of a solution to be 
continuous in the metric of the Banach space X to the failure of a solution map to 
be continuous. 

For the Navier-Stokes equation (NSE), Koch and Tataru [11] (2001) were able to 
establish global well-posedness with small initial data in the critical space BMO~ x . 
The well-posedness of the NSE in the largest critical space B^- had been a long 
time standing open problem. Later, Bourgain and Pavlovic [3J (2008) showed the 
ill-posedness for the NSE in B^ 100 by describing a "norm inflation" happens. More 
precisely, the authors constructed some arbitrarily small initial data in B^ ,oa which 
produced an arbitrarily large solution in f?^ 1,0 ° almost instantaneously. The "norm 
inflation" phenomena implies the solution map M : B^}^ — > C([0, T); B^ 1 ^) is 
discontinuous at the origin of B^^ . 

For the MHD system, Miao, Yuan and Zhang [13] proved the existence of a global 
mild solution in BAIO^ 1 for small initial data and uniqueness of such solution in 
C([0, 00); BAIO^ 1 ). Hence, the well-poseness was established in the critical space 
BMO~ x . Later, Dai, Qing and Schonbek [7] established the "norm inflation" type 
ill-posedness for the three dimensional MHD system in the largest critical space 
B^zoc ^ applying the ingenious construction method in Bourgain and Pavlovic's 
work [3J. We adopted the idea of [3J and constructed the initial data by using a 
large sequence of periodic functions cos(fc • x) for k € M 3 . Since the MHD system 
is a coupled system of the NSE and the Maxwell equation, the authors were able 
to construct different initial data to produce different types of "norm inflation" in 
Boooc- Particularly the magnetic field can develop norm inflation in short time 
even when the velocity remains small and vice verse. As an pretty interesting case 
when Mo = bo and no matter how large the size of the data is in B^^, the "norm 
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inflation" was not observed due to the cancelation of interactions between the ve- 
locity u and the magnetic field b in the work [7]. However, it was not clear whether 
or not any ill-posedness behavior other than "norm inflation" would happen in the 
special case uq = bo. 

In this paper we demonstrate a different construction method from the one used 
in [7] to show the ill-posedness of the MHD system in B^^ . The idea of the initial 
data construction is motivated from the original work of Cheskidov and Shyvdkoy 
[6] for the Euler equation and the Navicr-Stokcs equation. More precisely, we 
construct the data (u Q , bo) G Br,^ 3 x B r ^ 3 ^ r for all the Besov spaces Br,^ 3 
with 1 < r < 00, such that any Leray-Hopf type weak solution starting from (uq, bo) 
does not tend to (uq, bo) as t — » in B^^. This result indicates the MHD system 
is ill-posed in B^^ due to the failure of a solution to be continuous at time t = 0. 
It is worth to mention that such data (uo,bo) also belongs to L 2 x L 2 which tells 
it has finite energy. Another important observation is that, we particularly choose 
uq = bo to deduce the ill-posedness and hence the result gives a positive answer to 
the question in the end of the last paragraph. 

As pointed out in [6], we work in the periodic space T 3 due to two reasons: firstly, 
"we do not make use of infinitcsimally small frequencies in our analysis" ; secondly, 
the construction is "more transparent when the frequency space is a lattice" . It 
was also pointed out that the results may be carried over to the case of K™ as well 
with the technique developed in [5]. 

We state the main result in the following: 

Theorem 1.1. Let (u,b) be a weak solution to the MHD system tl.l]) with the 

data (u ,b ). And u, be C w ([0, T); L 2 ) n L 2 ([0, T); H 1 ), u = b e Br,^~ 3/r with a 
certain form for all 1 < r < 00. Then there exists a constant S = 8(u, b) > such 
that 

(1.3) limsup t ^ 0+ ||it(t) - uolls-i^ + - uoll^-i^ > S. 

If in addition (it, b) is a Leray-Hopf type of weak solution satisfying the traditional 
energy inequality, the constants can be chosen independent of{u,b). 

Remark 1.2. For the existence of weak solutions to the MHD system, we refer 
the readers to the work of Sermange and Temam |15j . A typical approach is to 
construct a sequence of Galerkin approximating solutions which satisfy a uniform 
energy estimate, then use some compactness arguments to pass through the limit. 

The rest of the paper is organized as: in Section [2] we introduce some notations 
that shall be used throughout the paper and some auxiliary results; in Section [3] 
we devote to proving Theorem ll.il 



2. Preliminaries and auxiliary results 

2.1. Notation. We denote by A < B an estimate of the form A < CB with some 
constant C, and by A ~ B an estimate of the form C\B < A < C2B with some 
constants C±, C%- 
We denote the trilinear term 

(2.4) u ® v : Vu> = / VidiWjUjdx. 

7t3 
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To simplify the notations we denote 



• ||Lp(T")- 



2.2. Littlewood-Paley decomposition. The techniques presented in this pa- 
per rely strongly on the Littlewood-Paley decomposition. Thus we recall the 
Littlewood-Paley decomposition theory here briefly. For a more detailed description 
on this theory we refer the readers to the books by Bahouri. Chcmin and Danchin 
PQ and Grafakos [5]. 

We define the Fourier transform and inverse Fourier transform as 



(27T)™/ 2 



f(x)dx, 



1 



(2tt)™/ 2 



Note that / = J 7 ' 1 {/). 

We denote X q = 2 q for integers q. A nonnegative radial function \ G C^°(R") is 
chosen such that 

'l, for iei < | 

0, for \i\ > 1. 



x(0 = 



Then we define 



and 



MO 



v(0 = x(|)-x(0 



^(A" x for g > 0, 
x(0 for g = -1. 



For a tempered distribution vector field v on the torus T™ we consider the Littlewood- 
Paley projections 



(2.5) 



v q (x) = J2 Hk)p q (ky k - X , q > -1. 



One of the main results used in the Littlewood-Paley theory is that the following 
identity 

oo 

v = v i 

q=-l 

holds in the distribution sense. Essentially the sequence of the smooth functions 
ip q forms a dyadic partition of the unit. For the simplification of the notations, we 
denote 

i 



- v i> 



Vq = Vg-1 +V q + Vq+1. 



By the definition of ip q , it is noticed that supp (v q ) D supp (v p ) = if \p — q\ > 2. 

By the Littlewood-Paley decomposition we define the inhomogeneous Besov 
spaces B* l and the homogeneous Besov spaces B s r l on the torus T 3 for s e K 
and 1 < I, r < oo. Let us write the norms 



q>-l 



, \\fh- = 
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Then 

fl'jpr) = {/ G S' : II/Hb., < 00} 
fl^pr) = {/ G 5' : ||/||^ < 00} , 

where «S" denotes the space of all tempered distributions. 

Note that the two norms || • \\b s t and || • ||^ s are equivalent in the periodic 

case and hence B*j(T") = B*;(T") (c. f. [2]). Thus, we use the inhomogeneous 
notation B^iT") for the involved Besov spaces through out the rest of the paper. 

Wc introduce a useful inequality for the dyadic blocks of the Littlewood-Palcy 
decomposition in the following. 

Lemma 2.1. (Bernstein's inequality )\V2\ For all a G N n , g 6 Z, 1 < p < 00 and 

for all tempered distributions f £ S' , we have 

(2-6) ^[ al \\f q \\ P <\\^f q \\ P <CX^\\f q \\ P 
for an absolute constant C . 

2.3. The existence of Leray-Hopf type of weak solution to the incom- 
pressible MHD system. We recall the result on the existence of weak solutions 
(Leray-Hopf type) for the MHD system from Sermange and Temam's book [T5] . 

Theorem 2.2. Let (uo(x), bo(x)) G L 2 x L 2 . Then, there exists a weak solution 
(u, b) to i 1.1]) and ifi.ffj) satisfying the energy inequality 

(2.7) \\u(t)\\ 2 + \\b(t)\\ 2 + 2 f \\Vu{ S )\\ 2 + Hvhooiiid* < IKII! + 

Jo 

for all t > 0. 

Remark 2.3. The existence of weak solutions to the MHD system was established 
for both the non-periodic case and the periodic case in [15] . 



3. Proof of the main theorem 

3 _j 

In this section we construct initial data (uo, bo) with uo, bo G H s n Bf t00 for all 
1 < r < 00 such that the solution (u,b) docs not converge to (uo,&o) hi B^- as 
t — > 0. Thereby, we prove the main Theorem ll.il 



3.1. Construction of initial data. Let e > be a fixed small number. We choose 
a sequence q± < q<i < . . . with elements sufficiently far apart so that 

(3.8) A- < e. 

We fix a small number c > and consider the following blocks of integers: 
Aj = [(l-c)X qj ,(l + c)X qj ] x [- c A gj ,cA g /nZ 3 
Bj = [-cA^.x^A,,.!] 2 x [(l-c)A, rl ,(l + c)A, rl ]nZ 3 
C 3 = Aj + Bj 

Aj = ^Aj, B* = -Bj, C* = -Cj. 
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Thus, Aj, Cj and their conjugates A*,C* lie in the \ qj -th shell, while Bj,B* lie in 
the A^.-i-th shell. 

Let be the symbol of the Leray-Hopf projection 
We denote 

ei(0=p(Qei> e 2 (£) =p(£)e 2 , 

for (GZ 3 \ {0}. 

The initial data uo is defined by 
(3.9) u = Y,U qj +U qj - 1 

3>l 

(3.10) 

'HU q M) = 4; (e 2 (C)XA 3 .uA| + i(e 2 (0 - e 1 (0)xc 3 - i(e 2 (0 ~ ei(0kc;) 
/(C^-i)(0= , ^-ei(OXB J ufl;. 

We note that [/^ = U q .-\ + U qj , since Mo has no modes in the (a_,- + l)-th shell. 
Let bo = u . We have 

V • u = V • b = 0, 
since p(£) is a divergence free projection. 

Lemma 3.1. For 1 < r < oo, we have u ,b G -Br, oo • iri particular, uo, fro G £P 
/or any s < | . 

Proof: On the block A, , for 1 < r < oo, we have, by the boundedness of the 
Leray-Hopf projection and the Plancherel theorem 

<A- 2 ]|XA 3 -||r. 

with - + 4r = 1 • On all the other blocks A* , , B* , C,- and C* , we have similar 
estimates. Hence, 

4 _1 H^II^1. 4 _1 |I^W-lllr^l- 
Therefore, uo, &o G -Bf.oo , for 1 < r < oo. When r = oo, 
(3.11) Halloo < 11^(^)111 



< A-/ ( / ld£+ / ld£ + / ld£ 

■UA* ■'XC,- •'Xcf 



<A 9j - 

And similarly, we have 

||C^-i||oo< A 9j 
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Therefore, u ,b 6 B^ 1 ^. 

In particular, for r = 2, the embedding -B 2 2 oo C H s holds for all s < i. It completes 
the proof of the lemma. 

□ 

Remark 3.2. Specially taking s = in the lemma, we have (uo,£>o) £ L 2 x L 2 
which indicates the initial data has finite energy. 

Lemma 3.3. Let U qj and U q .-\ be defined in H3.10]) . We have 

(3.i2) \w q3 \\ P <\ q ~~ p , wu^Wp < xlr . 

Hence, 

ii^ii P <Aj; f . 

Proof: By the Plancherel theorem and the boundcdness of the Leray-Hopf pro- 
jection, we infer from (|3.10j) that 

\\U q] \\ P < C\\F(U qj )\\ p . < A" 2 (\\x Aj \\p* + WxcJv) 

3 i 3 

with - + -\ = 1. Noticing that \ qj -i = ^X qj , the other two estimates can be 
obtained similarly. It completes the proof of the lemma. 

□ 



Lemma 3.4. Let uo be defined in \3.9jl . We have 

(3.13) u ® uo : VJ7g 3 ~ \ qj . 

Proof: Note that supp {Ui}Dsupp {Uj} = for any > 2. We decompose 

the term as 

(3.14) u g> u : VE7"„ = ^ U qk ® £/ 9fc : VJ7 9 . + C/ 9j (8 : V?7 9 . 

fc>j+i 

+ t/"< w -i <8 U qj : VU qj + U qj g> C/< ?J _! : VZ7 g . 

fc>j'+l 

- 0* ® ^ : 
= 1 + 11 — LIL 

where we used integration by parts and the divergence free property of U q . . 
Applying Bernstein's inequality (|2.6[) and (|3.11|) yields 

(3.15) mz^wu^u e \\u qk \\i<*i E a-^t^c 

fc>i+l fc>i+l 9j+1 



where we used Lemma l3.3l to get the second inequality and the fact Ylk>j+i ^ 



.— — to get the third inequality. Similarly, we obtain 

(3.16) |/W|<|IM! E M^JU<^-<e. 

fc>j-i 9i 



'/A 



< 
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Applying Bernstein's inequality (|2.6j) . Lemma I3~3l and p. lip , the term B is esti- 
mated as 

(3.i7) \n\ < x^WUvWlwu^ ~ \ qr 

Combining p,14[) . (|3.15[) , (|3.16[) and (|3.1T[) . it yields the conclusion of the lemma. 

□ 

3.2. Finishing the proof of the main theorem. We are ready to prove the 
main theorem. 

Proof of Theorem 11.11 : Multiplying the first equation in by u q . and inte- 
grating over T 3 yields 

/ dtu qj ■ u qj dx = — I Vu 9j ■ \7u qj dx + u u : Vu 9j — b <g> b : Vu 9j . 
Jt 3 Jt 3 

> - | Vu\ 2 dx + u®u: \7u qj - b ® b : Vu qj . 
Integrating the above inequality on time interval [0, t] implies 



u ® u : Vu qj — b <g) b : Vu qj ds. 



(3-18) \\\u qj {t)\\l> \\\U qi \\l- fw\lds- 

1 L Jo Jo 

Similarly, multiplying the second equation in (|1.1[) by b qj and integrating over space 
and the time interval [0, t] yields 

(3-19) l\K(t)\\l>l\\U qj \\l- I l|V6||Ids + ^ u®b:Wb qj -b®u: Wb qj ds. 



Denote E(t) = f* ||Vu||| + ||Vb|||ds. Adding (|3~T51) and ([3~T"g]) . we have 
(3.20) 

\ (lM*)ll2 + lM*)ll2)> ll^Ha 

+ / u®u: Vu qj — b®b : Vti 9j + u (2> 6 : V6 gj — b®u : Vb qj ds 



> ||£/«Ji-£W+ c iV 

- C2 / |u ® w : Vu 9j - u ® uo : VZ7 9j | + \b ® b : Vu 9j ~ b <Z> b : VU qj \ds 

Jo 

- c 2 / |u ® 6 : V& 9j - u ® 6 : VC/^ | + |6 g> u : V6 9j - 6 ® "o : VC/ 9;j |ds 

Jo 

= Ht^lli-^W+ciA^t-caflCt) 

where the last inequality is due to (|3.13p . and ci, C2 denote positive constants. In the 
following, we use a contradiction argument to show the conclusion of the theorem 
holds. 

Assume for every S > there exists to = to(S) > such that 

(3.21) \\u(t)-uo\\^-i oo + \\b(t)-b \\s-^ oo <S, for all < t < t . 
We claim that for a large enough jo , the integral R is bounded at time to as 

(3.22) fl(t„) < Ij-A^to, for all j > jo- 
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We first estimate the second term in the integral R. Let w — u — uo and y = b — bo- 
Note that by the assumption p.21j) . we have 

(3.23) Wp\\oo < SX P , for all p > — 1. 
The difference of the trilinear terms can be rewritten as 

(3.24) b(g>b: Vu q] -b ®b : WU qj 

= y®b ; VU qj + b®y: VU qj +b®b: Vw qj 
= A + B + C. 

Due to the fact that supp {yi} fl supp {{bo)j} = for any \i — j\ > 2 and the 
interaction of different frequencies (c. f. [3]), we decompose A as 

(3.25) A = E Vp'® ( 6 o)p" : VU qj + y< qj <8> (b ) qj : VU qj 

p',p">qj,\p'-p"\<2 

+ y qj ® (bo)< qj ■ VC/ ?3 - r A 
= A l + A 2 + A 3 - r A 

where r A is the overlap part of A 2 and A 3 . 

Recall uo — bo- Applying Holder inequality, Bernstein's inequality (|2.6p . (|3.23[> and 
Lemma 13.31 yields 

L4i| < ]]VC/ 9 ,|| 4 E lbp'IUII(«o)p"IU/3 

p' ,p">qj,\p' -p"\<2 

<K\\u q] \U E IMUa;,? /4 

p' ,p">qj ,\p' -p"\<2 

<At l E *W 4 

P' ,P">1j ,\P' -P"\<2 

<5\r 

Similarly, we have 

\A 2 \ = \U qj ® (b ) q . : Vy< gj | < ||t^|| 2 ||C^||a||Vy< w ||oo 

< ii^iiaii^ib E x p\\yv\\o° £ E 5X l 

p<ij p<qj 

<sx qr 

For A3, we take some r,r* > 1 satisfying £ + A = 1. Applying Holder inequality, 
Bernstein inequality, p.23[) and Lemma 13.31 yields 



1^3 1 < \\y qj \U\u< qj ||,.. || vu qj \\ r < 8x qj \\u< qj \\ r , \\u q] \\, 

-2 



<^x~ f E^ = ^E^ 



p< qj p< qj x 9j 

We choose r close enough to 1 such that ^ — 2 is close enough to 1. Hence 

e (Kr" - ^ 2(p ~ 9j)(i ~ 2) ~ x ' 

p< qj ^ p< qj 
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which implies \As\ < 5\ Qj . Therefore, 

(3.26) \A\<SX qr 
We decompose B in a similar way, 

(3.27) B = V ® Vp" : VC/ 9, + 6 <9, ® (»)«* : W <?, 

P',P">9j,b'-p"l<2 

= Si + B 2 + B 3 - r B 
where tb is the overlap part of B 2 and B%. 

Applying Holder inequality, Bernstein inequality, (|3.23[) and Lemma 13.31 yields 

< ||VE/ ? J 2 Yl llVlbllvlloo 
p',p">ij,\p'-p"\<2 

<K\\u qj h E II WV 

p',p"> qj ,\p'-p"\<2 

<SXl J2 HVVIl2<^|||V6|| 2 . 

p'>1j 

Similarly, we have 

\B 2 \ = \U q] ®y q3 : Vb< qj \ < \\U qj \\ 2 \\y qj |U||V6<^ || 2 
<A 9j <5A-// 2 ||V6|| 2 <<5a4||V6|| 2 , 

\B 3 \ < ll^llalll/^lloollVC^Ha^A^ll^llallE^lla ]T SX p 

p<ii 

< KX qi 1/2 \K\\ 2 < 5AV 2 ||vy| 2 < <5A|JV&|| 2 . 

Hence, we have 

(3-28) \B\ < S\i\\Vb\\ 2 . 

An analogously decomposition for C yields, 

(3.29) C = E V ® b p" : Vw 9 J + b <q 3 ® K '■ Vw 9 J 

p' ,p" > qj ; , | p' — p" | < 2 

+ b qj ® b< qj : Vw qj - rc 
= d + C 2 + C 3 - r c 
with rc being the overlap of C 2 and C3. 

Applying Holder inequality, Bernstein's inequality (|2.6[) , (|3.23|) and Lemma 13.3 
yields 

\Ci\< liv^iu E IIVII2IMI2 

p>,p"> qj ,\p'-p"\<2 

<a*IKH« E IIvvIHIvvM^a-, 1 
p',p"><jj,ip'-p"i< 2 

2 \-ai|v7l,||3 <- r|IV7U|2 



<^.A-/||V6||^<J||V6||^ 
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1/2 

12-'" 



l2 ,ds 



\C 2 \ = \U q . ®y q . : Vb< qj \ < llC^llall^lloollVft^Ha 
<A 9j( SA-// 2 ||V6|| 2 <5A|||V&|| 2 , 

|C 3 | < ||6« a || 2 ||6< a ,|| 2 ||V«; a ,||o <A w ||6 a ,|| a ||6|| a ||i£; flj ||o 
< || V6 93 . Hall&llalK WcoSSX^ ]| V&„|| 2 . 

In the last step of the estimate of C3, we used the fact that \\b\\2 is uniformly 
bounded. Hence, we have 

(3.30) |C1<*A*||VSJ|2 + *||V&|||. 

Combining (pT24|) . (|3~26)l . (|3~28)) . (pT30)) and the estimate 6 e L 2 (i/ 1 ) gives that 

/■to 

(3.31) / |&® 6 : Vit % - 6 ® b : VC/qJds 
Jo 

< 6X qj t + SX 1 / 2 [ ° \\Vb\\ 2 ds + S f" \\m\\ 2 2 d s + 8X qj f ° \\Wb qj \\ 2 ds 

Jo Jo Jo 

< 6X qj t + 5X\/ 2 ty 2 + S + SX q / /2 Qf° || Vb qj || 

It follows from b e i 2 ( J ff 1 ) that, 

/ \\^b qj \\ 2 s -> as j -> 00. 
Jo 

Therefore we choose jo large enough and 5 small enough such that 

f to Ci 

/ |6 <g> 6 : Vu qj -b ®b : VU q] \ds < —X qj t - 

Jo ° c 2 

A similar procedure can show that the first term in R satisfies the similar estimate 

f to Cl 

/ |u ® u : Vu 9j - uo <8> mo : V/7 9i |ds < - — A g ,io- 

Jo ° c 2 

The last two terms in R represent the interaction of velocity field and magnetic 
field. In the following we briefly compute the fourth term to obtain the desired 
estimate. The third term can be estimated similarly. 
The fourth term is rewritten as 

(3.32) b ® u : Vu qj - b <g> u : VU qj 

= y<g)U : VU qj +b(g>w: VU qj +b®u: Vy qj 
= D + E + F. 

We decompose D as 

D = ^2 y p , ® (u )p" : VU q:j + y< qj ® {u ) qj : VU q . 

p',p">qj,\p'-p"\<2 

+ y gj ® (uo)< qj ■ VC/ 9j - r D 
= D 1 +D 2 + D 3 -r D 
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with m being the overlap of £> 2 and D3. 

Applying Holder inequality, Bernstein inequality, (|3.23[) and Lemma 13.31 yields 

|Dl|<||VE/ g J 4 IMWIMp"|U/3 
p',p">qj,\p'-p"\<2 

<^ e ^vA P -f /4 <^, 

P',P"><U,\P'-P"\<2 

\D 2 \ = \U qj ®(U) qj : Vy< q] \ < \\U Q] \\ 2 \\U qj || 2 || Vy< 9j |U 



p<H 



\ 2 

Qj 1 

-2 



\D 3 \ < \\y qj \U\U< qj || P . || VU qj \\ r < S\' q . \\U< qj || r . ||C^ || r 

P<<?j P<9j 



A* 



In the estimate of D 3 , we choose a certain r close enough to 1 and - + -\ = 1- 
Hence, 

(3.33) < tfA^. 
We decompose E as, 

p',p">«i,b'-p"l<2 
+ & gi <8> w< qj : VU qj - r E 
= E1+E2 + E 3 - r E 

with te being the overlap of E2 and E 3 . 

Applying Holder inequality, Bernstein's inequality, (|3.23|) and Lemma 13.31 yields 

|£i| < ||VC/ ? J 2 E llVlblkp-lloo 

p',P"><tt,\p'-p"\<2 

ZKi 2 E <5IIvvI|2<£a4hv&|| 2) 
P '> qj 

\E 2 \ = \U qj ®w qj : V6< ? ,| < ||tfJ 2 KJoo||V6<<J 2 <5AfJV&|| 2 , 

\Es\ < ||^||2||^||oo||VC/ 9j || 2 < ||V6 tt || 2 ||t^|| a E ^p S *A|||V6|| 2 . 

p<h 

Hence, we have 

(3.34) \E\ <<5a|||V6|| 2 . 
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An analogously decomposition for F yields, 

(3.35) F = ^2 b p > ® u p „ : Vy q . + b< Qj ® : Vy qj 

p',p">qj,\p'-p"\<2 

+ bq 3 ®u< qj : Vy qj - r F 
= F 1 +F 2 + F 3 - r F 
with r F being the overlap of F2 and F3. 

Applying Holder inequality, Bernstein's inequality (12.61) . (|3 . 23[) and Lemma 
yields 

|Fi|<||Vy g3 |U J2 HVllallV'lla 

p',p">qj,\p'-p"\<2 

<8X% ]T llVVIIallVtvlUVV' 

p',p">qj,\p'-p"\<2 

<5\\vb\\ 2 \\y u \\ 2 <s(\\yb\\l + \\vu\\j), 

\F 2 \ = \y q] ®u q] : Vb< qj \ < \\y q] \\oo\\u q] h\\Vb< qj h 
<5||VG gi || 2 ||V6< ? J| 2 <<5(||Vu||i + ||V6||i), 

\F 3 \ < ||M2h< 9 j2l|V%Joo< ||Vb, j || 2 H 2 ||j/ 9j || 0O <«JA, 3 .||Vb 9j || 2 . 
Thus, we have 

(3-36) \F\<SX qj \\m qj \\ 2 . 

Combining ([332]) , ([535]) . (j3~M|) . (|3"36) and the estimate u,b € i^iJ 1 ) gives 
that 

6 <g> u : V6 93 - 6 ® uo : VET^ |ds 

< S\ qj t Q + 5\ l J*tl' 2 + 6 + SX q / /2 (J ° \\Vb q] gds^j . 
Therefore we choose jo large enough and S small enough such that, for all j > jo 
I \b®u: \7b Q] - 6 ® ""o : VC/^ \ds < —\ Qj t . 

JO oC 2 

The third term in the integral R can be estimated analogously and satisfies 

*° ci 
\u ® b : V6 9 , - u Q ® 6 : Vt/ gj |ds < - — A 9j i , 

oc 2 

for all j > jo- Therefore, we have shown that the claim (|3.22[) holds under the 
assumption (j3T2"Tj) . It follows from (|3^20]) and ([3321) that 

1 IK- Will) > ll^llI-^) + |A ?j io 

which implies ||it(io)]| 2 + ||^(^o)|j 2 is infinity. It is a contradiction. Thus it completes 
the proof of the theorem. 

□ 
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